The supermoduli of SUSY curves with Ramond punctures by Bruzzo, Ugo & Ruipérez, Daniel Hernández
ar
X
iv
:1
91
0.
12
23
6v
2 
 [m
ath
.A
G]
  1
1 J
un
 20
20
THE SUPERMODULI OF SUSY CURVES
WITH RAMOND PUNCTURES
UGO BRUZZO¶ AND DANIEL HERNA´NDEZ RUIPE´REZ‡
Abstract. We construct local and global moduli spaces of supersymmetric curves with
Ramond-Ramond punctures. We assume that the underlying ordinary algebraic curves have
a level n structure and build these supermoduli spaces as algebraic superspaces, i.e., quotients
of e´tale equivalence relations between superschemes.
1. Introduction
Supersymmetry requires the introduction of spaces with “both bosonic and fermionic coor-
dinates,” as fermion fields and fermionic parameters are anticommuting objects. After such
spaces were formally introduced by physicists (see e.g. [30]), mathematicians immediately set
out to look for a sound notion of these structures, and in the beginning different kinds of “su-
permanifolds” were proposed (see [3] and references therein). It became soon apparent that
the Berezin-Le˘ıtes approach [4], also developed by Kostant [21] and Manin [23, 24, 25, 26],
closer in spirit to algebraic geometry, provides the most suitable notion of supermanifold, or
graded manifolds as Kostant called them, and of supervarieties or superschemes.
Super Riemann surfaces, or supersymmetric (SUSY) curves, are an interesting chapter
in this story. Their introduction was advocated by Friedan [16] (but see also [2, 23]) in
connection with superstring theory. In the Polyakov approach to the bosonic string [29] the
quantum scattering amplitudes are computed in terms of an integral over a compactification of
the moduli space of (complex) algebraic curves, with punctures representing the asymptotic
particle states. However, one of the effects of the compactification is that the Polyakov
measure acquires poles at the boundary. The fermions that one introduces in supersymmetric
models help to cancel the poles, and Friedan suggested that a compactification of a suitable
moduli of punctured SUSY curves could be the right integration space for superstrings.
There are various constructions of these supermoduli spaces, different in techniques and
nature. There are analytic constructions of the supermoduli of SUSY curves of genus g ≥ 2
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as an orbifold (see, for instance, [6]), and, among them, the seminal paper by LeBrun and
Rothstein [22] on which many other constructions rely. In [11] a supermoduli space for SUSY
curves with Neveu-Schwarz (NS) punctures was constructed as an (Artin) algebraic super-
space, that is, the quotient of an e´tale equivalence relation of superschemes. To ensure the
existence of a fine moduli for ordinary curves, these constructions fix a level n structure, with
n ≥ 3, on the curves. Quite recently, Codogni and Viviani have given a construction of the
supermoduli of SUSY curves as a Deligne-Mumford (DM) superstack [5] without considering
level n structures. The supermoduli built in [11] as an algebraic superspace is actually an
explicit construction of a coarse moduli space for the supermoduli DM stack, that should exist
once the representation result in [19] will have been extended to supergeometry. Deligne’s
manuscript letter [7] contains all the necessary information to construct global compactified
moduli superspaces as algebraic superstacks obtained from the DM stack of stable algebraic
curves.
In the last years, there has been an increasing renewal of interest in supergeometry, in
particular in the supermoduli of SUSY curves, with and without punctures. The most impor-
tant works that have recently brought new life to supergeometry are those of Witten [33] and
Donagi-Witten [12, 13]. Although no construction of the supermoduli spaces is offered there,
those papers contain several results on the nonprojectedness of the supermoduli, which have
important consequences for perturbative superstring theory, as this shows that one cannot
integrate on the supermoduli by first integrating over the fibres of a (nonexisting) projection
to the ordinary moduli. Some earlier results about the projectedness of the supermoduli
can be found in [14]. Moreover, substantial work has been done about superperiods and the
generalization of the Mumford formula to the supermoduli of SUSY curves [33, 8, 5, 15].
This paper is devoted to the study of Ramond-Ramond supersymmetric curves (RR-SUSY
curves, for short), i.e., loosely speaking, SUSY curves that have Ramond-Ramond punctures
supported along positive divisors. We study their geometry and construct their supermoduli.
To our knowledge, there is no other global construction of the supermoduli of SUSY curves
with Ramond-Ramond punctures for positive genus available in the literature (see the recent
preprint [28] for the genus zero case). Following the construction of the supermoduli for
SUSY-curves given in [11], we prove that the moduli functor of isomorphisms classes of
RR-SUSY curves is representable by an (Artin) algebraic superspace. In the complex case,
algebraic spaces, that is, the quotients of e´tale equivalence relations of schemes (locally of
finite type) [1, 20] are precisely those sheaves whose underlying analytic space is a Mo˘ı˘sezon
space, namely, an analytic space whose field of meromorphic functions has transcendence
degree equal to the dimension of the space [27]. In the “super” case one defines algebraic
superspaces as quotients of e´tale equivalence relations of superschemes.
The paper is organized as follows. In Section 2, to fix the notation and for the sake
of a reasonable self-completeness, we provide a summary of well-known basic facts about
superschemes and their morphisms. The material here can be easily found in the literature,
though sometimes the definitions and results are scattered through many different sources.
Section 3 is devoted to the geometry of supercurves, understood as superschemes of dimension
(1, 1), of positive superdivisors and of SUYS curves with Ramond-Ramond punctures along
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a positive supervisor. According to the physical interpretations of punctures, we assume that
the positive superdivisors along which the Ramond-Ramond punctures are supported are
reduced, or, in the case of families, that the superdivisors are nonramified over the base. SUSY
curves with Ramond-Ramond punctures are not SUSY curves, since they are equipped with
an odd distribution which is superconformal only in the complementary of the divisors. For
a single RR-SUSY curve, around a prime divisor of the puncture the conformal distribution
is locally generated by a vector field
D =
∂
∂θ
+ zθ
∂
∂z
.
However, contrary to what happens for SUSY curves, for a family X → S of RR-SUSY
curves this is true only after taking an e´tale covering of the base S (Proposition 3.6). The
infinitesimal deformations of an RR-SUSY curve X → S (over an ordinary scheme) are
computed in Corollary 3.14. They are needed to give the local fermionic structure of the
supermoduli.
Section 4 is devoted to the global construction of the supermoduli of RR-SUSY curves of
genus g with nR Ramond-Ramond punctures. As in [11] we assume g ≥ 2 and fix a level
n structure with n ≥ 3. The supermoduli for RR-SUSY curves is constructed along the
same lines as the supermoduli for SUSY curves [11]. The first step of the construction is the
determination of the underlying ordinary space to the supermoduli. This happens to be the
moduli scheme MRR of RR-spin curves, that is, of curves with a line bundle whose square is
the canonical sheaf twisted by the inverse of the ideal sheaf of the puncture (Theorem 4.5).
It is a fine moduli space, in the sense that it represents the sheafification of the functor of
RR-spin curves, however, as the latter is not a sheaf, MRR does not carry a universal RR-spin
curve. However, it has a universal “RR-SUSY curve class,” namely, there is a universal curve
XRR →MRR with a relative positive divisor ZRR of degree nR and a class Υ in Pic(XRR/MRR)
such that Υ2 = [κXRR/MRR ⊗O(ZRR)] in the relative Picard group, but Υ may fail to be the
class of a line bundle on XRR. We prove that there is an e´tale covering U →MRR such that
the pull-back ΥU is the class of a line bundle L on XU verifying L
2 ≃ κXU/U ⊗O(ZU ).
We can then move on to the second step of the construction: the determination of the local
fermionic structure of the supermoduliMRR. If it exists, we see that locally its structure sheaf
is the exterior algebra of the sheaf of odd infinitesimal deformations. Since we have already
computed the latter, we get a local candidate for the supermoduli, namely, the superscheme
U = (U,
∧
R1πU∗(κ(Z)
1/2 ⊗ κ)), where κ = κXU/U and Z = ZU (Definition 4.12). To
complete the global construction we extend to RR-SUSY curves two results of LeBrun and
Rothstein [22] (our theorems 4.13 and 4.14). The key point for the extension is Corollary
3.15, which reflects the fact that, under the hypotheses we have made, RR-SUSY curves have
a finite number of automorphisms.
The construction of the supermodui of RR-SUSY curves now follows straightforwardly as
in [11]. It turns out to be a algebraic superspace of dimension (3g − 3 + nR, 2g − 2 + nR/2).
This is the content of Theorem 4.16. Moreover in Proposition 4.17 the “universal RR-SUSY
curve class” XnNS ,nR →MRR over the supermoduli is also proven to have the structure of a
algebraic superspace.
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Finally, in Section 5 we combine our construction for the supermoduli por SUSY curves
with Ramond-Ramond punctures with the supermoduli for SUSY curves with Neveu-Schwarz
punctures to obtain the algebraic superspace which is the supermoduli for SUSY curves with
booth types of punctures.
Acknowledgements. We thank the participants in the “Workshop on Supermoduli”
which took place at the Institute for Geometry and Physics in Trieste on September 23 to 26,
2019, for the nice atmosphere and the fruitful interchanges which occurred. We also thank
Ron Donagi for stimulating discussions and for sharing ideas, and Alexander Polishchuk for
pointing out a small mistake in a previous version.
2. Superschemes and morphisms
In this section we recall some basic definitions in supergeometry. We fix an algebraically
closed field k of characteristic different from 2; however, from some point one we shall assume
k = C.
2.1. Superschemes. We start by recalling the notion of superscheme.
Definition 2.1. A locally ringed superspace is a pair X = (X,OX ), where X is a topological
space, and OX is a sheaf of Z2-graded commutative algebras over k such that every stalk OX ,x
is a local ring for every point x ∈ X.
There is a decomposition OX = OX ,0⊕OX ,1 into the part of degree 0 (or even part) and
the part of degree 1 (or odd part). As usual, by “graded commutative” we understand that
a · b = (−1)|a| |b|b · a for homogenous local sections a, b, where | | denotes the Z2-grading.
We refer to any text on supergeometry for the usual definitions of (Z2-graded commutative)
sheaf, homogeneous morphism of sheaves, (graded commutative) tensor product, (graded
commutative) derivation, etc. ([3, 25]). Morphisms of locally ringed superspaces are defined
in a similar way as morphisms of ordinary locally ringed spaces:
Definition 2.2. A morphism of locally ringed superspaces is a pair (f, f ♯), where f : X → Y is
a continuous map, and f ♯ : OS → f∗OX is a homogeneous morphism of graded commutative
sheaves, such that for every point x ∈ X, the induced morphism of graded commutative rings
OS ,f(x) → OX ,x is local, that is, it maps the maximal ideal of OS ,f(x) into the maximal ideal
of OX ,x. When no confusion can arise we denote a morphism of of locally ringed superspaces
simply by f : X → S .
If X = (X,OX ) is a locally ringed superspace and U ⊂ X is an open subset, we say that
(U,OX |U ) is an open locally ringed sub-superspace of X .
Definition 2.3. A morphism f : X → Y of locally ringed superspaces is an open immersion
if is induces an isomorphism of X with an open locally ringed sub-superspace of Y . It is a
closed immersion if the underlying continuous map X → Y is a homeomorphism onto a closed
subset of Y and f ♯ : OS → f∗OX is surjective. It is an immersion if it is the composition
f = i ◦ g of a closed immersion g with an open immersion i.
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Given a locally ringed superspace X = (X,OX ), we can consider the homogeneous ideal
J = (OX )
2
1⊕ (OX )1 generated by the odd elements. Then, OX := OX /J is a (purely even)
sheaf of k-algebras. We say that the locally ringed space X = (X,OX ) is the ordinary locally
ringed space underlying X . A morphism f : X → Y of locally ringed superspaces induces a
morphism f : X → Y of the underlying locally ringed spaces, so that X = (X,OX ) 7→ X =
(X,OX ) is a functor.
The sheaves Grj(OX ) = J
j/J j+1 are annihilated by J so that they are OX -modules.
Then we can consider the sheaf of OX-modules
Gr(OX ) =
⊕
j≥0
Grj(OX ) =
⊕
j≥0
J j/J j+1 .
which comes with a natural Z2 grading.
Definition 2.4. A superscheme is a locally ringed superspace X = (X,OX ) such that
(1) the underlying ordinary locally ringed space X = (X,OX ) is a scheme, which we
always assume to be locally of finite type over k;
(2) Gr(OX ) is coherent as an OX-module;
(3) OX is locally isomorphic, as a sheaf of Z2-graded commutative algebras, with Gr(OX ),
compatibly with the projection OX → OX .
Note that the second condition is equivalent to the fact that the shaves Grj(OX ) =
J j/J j+1, and in particular E = Gr1(OX ), are coherent and that there are locally only
finitely many of them. This implies that for every point x ∈ X there exists a neighbourhood
U and an integer n = n(x) such that J n+1|U = 0.
Example 2.5. If E is a coherent sheaf on a scheme X, the exterior algebra
∧
OX
(E) defines a su-
perscheme (X,
∧
OX
(E)). In this case, there is an isomorphism of algebras
∧
OX
(E) ∼→ Gr(OX ).
Note that, in general, for every superscheme X there is always a surjective morphism of
OX -graded sheaves ∧
OX
(E)→ Gr(OX )→ 0 .
A superscheme X is said to be affine if X is affine. In this case, if A = Γ(X,OX ) and
A = Γ(X,OX ), one has X = SpecA, and OX is the sheaf associated to the presheaf of
localizations of the graded commutative ring A.
Definition 2.6. A superscheme X = (X,OX ) is split if it is isomorphic to the superscheme
(X,
∧
OX
(E)) (compatibly with the projection OX → OX) and moreover E is locally free as
an OX-module. A superscheme is locally split if it can be covered by open sub-superschemes
that are split.
Definition 2.7. A locally split superscheme X = (X,OX ) has dimension (m,n) if the
scheme X has dimension m and the rank of E is n.
Remark 2.8. In most applications, all superschemes considered are locally split, or locally
fermionic trivial as they are also called by some authors. From Subsection 2.5 on, all super-
schemes will be assumed to be locally split.
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Proposition 2.9. A locally split superscheme X = (X,OX ) of odd dimension n = 1 is
canonically split.
Proof. The epimorphism ι♯ : OX → OX induces an isomorphism (OX )0 ∼→ OX between the
even part of OX and OX . Since n = 1, the sheaf L = J /J
2 = J is an invertible sheaf on X
and (OX )1 = L
Π, where Π denotes the parity change fucntor. One then has
OX ≃ OX ⊕ L
Π ∼→
∧
OX
(L) .

We shall only consider sheaves of OX -modules which are Z2-graded. Morphisms of sheaves
of (graded) OX -modules are supposed to be homogeneous of degree 0, unless some other
condition is explicitly stated.
A free OX -module of rank (p, q) is a graded OX -module that is isomorphic to the sheaf
O
(p,q)
X
= Op
X
⊕ (Oq
X
)Π freely generated by p even and q odd elements. Similar definitions can
be given for O
(I,J)
X
for arbitrary sets I, J . A sheaf N of OX -modules is of finite type if there
exists a (homogeneous of degree 0) epimorphism O
(p,q)
X
→ N → 0 for some pair (p, q).
The usual notions of quasi-coherent and coherent sheaves apply also here. Note that, due
to the hypotheses in Definition 2.4, coherent sheaves are locally finite type quasi-coherent
sheaves.
For every superscheme X , the surjection OX → OX = OX /J induces a closed immersion
i : X →֒ X
of superschemes, defined by the (graded) ideal J . We say that X is projected if there is a
morphism ρ : X → X such that ρ ◦ i is the identity. In particular, split superschemes are
projected.
The following result will be useful.
Lemma 2.10. Let N be a quasi-coherent OX -module. If i
∗N = 0, then N = 0.
Proof. Since 0 = i∗N = N ⊗OX OX , one has N = J ·N , and then N = J
n+1 ·N for every n.
Then N = 0 because X can be covered by open subschemes U such that there exist integers
n(U) verifying J
n(U)+1
|U = 0. 
Given morphisms f : X → S , g : Z → S , a fibre product f × g : X ×S Z → S
exists, together with two projections p1 : X ×S Z → X , p2 : X ×S Z → Z . For affine
superschemes given by graded commutative algebras A = Γ(X,OX ), B = Γ(Y,OS ), C =
Γ(Z,OZ ), X ×S Z is the affine superscheme defined by A⊗B C with its natural Z2-grading.
For every morphism f : X → S of superschemes there exists a diagonal morphism δf : X →֒
X ×S X . If V ⊆ Y is an affine open subscheme of Y and U ⊆ f
−1(V ) is an affine subscheme
of X, and V, U are the induced open sub-superschemes, the diagonal of f : U → V is defined
the the kernel ∆U /V of the product OX (U) ⊗OS (V ) OX (U) → OX (U). In this way one
defines a sheaf ∆f of graded ideals on X ×S X , called the diagonal ideal of f : X → S .
The quotient ∆f/∆
2
f is in a natural way a (graded) coherent sheaf of OX -modules.
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Definition 2.11. The relative cotangent sheaf to f : X → S is the sheaf
ΩX /S = ∆f/∆
2
f .
The local sections of ΩX /S are called (Z2-graded) relative differentials. On affine open
sub-superschemes they are generated by df where f is an homogenous section of OX . As for
ordinary schemes, there is a derivation (of degree 0) over OS :
OX
d
−→ ΩX /S
f 7→ df = [f ⊗ 1− 1⊗ f ]
and ΩX /S has a universal property with respect to graded derivations. In particular, there
is an isomorphism of (graded) OX -modules
Ω∗
X /S
∼→ DerOS (OX ) .
This sheaf is called the relative cotangent sheaf of f : X → S and is denoted ΘX /S .
If one considers the structural morphism X → Speck of a k-superscheme X the absolute
notions are obtained. Then, the cotangent sheaf of a superscheme X is the sheaf ΩX of
(Z2-graded) differentials of X → Spec k, and ΘX = Der(OX ) ∼→ Ω
∗
X
is the tangent sheaf.
For every point x ∈ X (closed or not), the tangent space to X at x is the graded vector space
ΘX ,x = Derk(OX ,x, k(x)) ,
where k(x) is the residue field of the local ring OX,c, that is, ΘX ,x is the fibre of the tangent
sheaf at x. One has ΘX ,x = Derk(OX ,x, k) when x is a closed point.
1
Let us consider the superscheme Spec k[ǫ0, ǫ1], defined as (Spec k, k[ǫ0, ǫ1]) where ǫi has
parity i and ǫ20 = ǫ
2
1 = ǫ0ǫ1 = 0.
If x is a closed point, a “super tangent vector” vx ∈ ΘX ,x defines a morphism φ(vx) : OX ,x →
k[ǫ0, ǫ1] of graded k-algebras, given by φ(vx)(a) = a¯ + (vx)0(a)ǫ0 + (vx)1(a)ǫ1. Conversely,
any morphism φ : OX ,x → k[ǫ0, ǫ1] of graded k-algebras defines a supertangent vector vx such
that φ = φ(vx). That is, there is an isomorphism
Homx(Spec k[ǫ0, ǫ1],X ) ∼→ ΘX ,x
of graded k-vector spaces, where the first member denotes the morphisms Speck[ǫ0, ǫ1]→ X
centred on x, that is, which map the single point of Speck[ǫ0, ǫ1] to x.
Let us write
X [ǫ0, ǫ1] = X × Spec k[ǫ0, ǫ1] ,
for every supescheme X . Proceeding as above one can describe the sections of the restriction
ΘX |X of the tangent sheaf to the underlying scheme. Namely:
1There is a notationalinconsistency here, as ΘX ,x is not the stalk Der(OX )x = Der(OX ,x) but rather its
fibre Der(OX ,x)⊗OX,x k(x). We keep this inconsistency for historical reasons.
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Proposition 2.12. For every affine open subscheme U →֒ X, the space Γ(U,ΘX |X) =
Der(OX (U),OX (U)) is identified with the subspace of the elements in Hom(U [ǫ0, ǫ1],X )
that are extensions of the natural immersion U →֒ X .
More generally, if f : Y → X is a morphism of superschemes, for every affine open
subscheme V →֒ Y the space Γ(V, f∗ΘX ) of sections of the pullback of the cotangent sheaf is
identified with the subspace of elements in Hom(YV [ǫ0, ǫ1],X ) that are extensions of YV →֒
Y
f
−→ X . 
When Y = Spec k is a single closed point of X , we recover Equation 2.1.
Definition 2.13. A superscheme X = (X,OX ) is smooth of dimension (m,n) if
(1) every irreducible component of X has dimension m, and
(2) for every point x ∈ X (not necessarily closed), the stalk ΩX ,x of the cotangent sheaf
at x is a free OX ,x-module of rank (m,n).
Proposition 2.14. Let X = (X,OX ) be a superscheme. Then X is smooth of dimension
(m,n) if and only if
(1) it is locally split and n = rk E, and
(2) X is a smooth scheme of dimension m.
Then, if X is smooth, for every point x ∈ X (closed or not) there are graded local coordinates,
that is, m even functions (z1, . . . , zm) in the maximal ideal mx of OX,x and n odd functions
(θ1, . . . , θn) generating Ex, such that (dz1, . . . , dzm, dθ1, . . . , dθn) is a basis for ΩX ,x.
Proof. Assume that the two conditions hold. Since the question is local, we can suppose that
OX = OX [θ1, . . . , θn] where the θi’s are odd and generate E . Then ΩX /X ≃ OX [dθ1, . . . , dθn]
and the exact sequence of OX -modules
ΩX ⊗OX OX → ΩX → ΩX /X → 0 ,
is split. It follows that
ΩX ∼→ (ΩX ⊗OX OX )⊕OX [dθ1, . . . , dθn] .
Since X is smooth of dimension m, ΩX,x is free of rank m for every point x, and then the two
conditions in Definition 2.13 are fulfilled.
For the converse, the question is again local, so we can also assume that X is the spectrum
of a local ring, which we still denote by OX . The exact sequence induced by i : X →֒ X gives
an exact sequence
E = J /J 2
δ
−→ ΩX ⊗OX OX → ΩX → 0
where δ(θ) is the class modulo J of dθ. Decomposition into even and odd parts gives
ΩX ,0 ⊗OX OX
∼→ ΩX
E ∼→ ΩX ,1 ⊗OX OX ,
where the second equality holds as ΩX is free. This proves that E and ΩX are free OX -
modules of rank n and m. In particular X is smooth as an ordinary scheme (see, for instance,
[18]). We only have to prove that the natural epimorphism
∧
OX
E → OX = Gr(OX ) is an
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isomorphism. We proceed by induction on n, the case n = 0 being trivial. Take (z1, . . . , zm)
in the maximal ideal m or OX and (θ1, . . . , θn) in E such that (dz1, . . . , dzm, dθ1, . . . , dθn) is
a basis of ΩX . If S is the closed sub-superscheme defined by θm, ΩS is a free OS /(θn)
module generated by (dz1, . . . , dzm, dθ1, . . . , dθn−1); if E
′ = E/〈θn〉, one has
∧
OX
E ′ ∼→ OS ,
by induction. Now, if an i-form ω is in the kernel of
∧
OX
E → OX = Gr(OX ), reducing
modulo θn and applying the above isomorphism we see that ω =
∑
aj1...ji−1θj1∧· · ·∧θji−1∧θn,
where the sum runs on 1 ≤ j1 < · · · < ji−1 ≤ n−1 and the coefficients are in OX . Taking the
differentials on 0 =
∑
aj1...,ji−1θj1 · · · · ·θji−1 ·θn and using that (dz1, . . . , dzm, dθ1, . . . , dθn) is a
basis of ΩX , we obtain that the coefficient of dθn is zero, that is, 0 =
∑
aj1...,ji−1θj1 · · · · ·θji−1 .
But then,
∑
aj1...ji−1θj1 ∧ · · · ∧ θji−1 is in the kernel of
∧
OX
E ′ ∼→ OS , so that it is is zero as
well and ω = 0. 
If X is a smooth superschemes, it is customary to denote by Ω+X and Ω−X the even
an odd parts of the restriction ΩX |X = i
∗ΩX of ΩX to the underlying scheme, and similarly,
by Θ+X and Θ−X the even and odd parts of the restriction of the tangent sheaf ΘX , and
to refer to them as the even or the odd cotangent or tangent sheaves to X . The above proof
shows that
Ω+X ∼→ ΩX , E
Π ∼→ Ω−X
ΘX ∼→ Θ+X , Θ−X ∼→ E
∗Π ,
where we use the functor Π to keeo track of the parity. This means that X is locally
determined by either its odd tangent or cotangent sheaf. We shall exploit this property in the
determination of the local fermionic structure of the supermoduli.
2.2. Morphisms of superschemes. We only consider morphisms f : X → S of super-
schemes that are locally of finite type. Since our superschemes are locally of finite type as
well, all morphisms are automatically locally of finite presentation.
Many of the notions of the different types of morphisms are defined mimicking the corre-
sponding definitions for schemes, and no further explanation is needed.
The fibre of a morphism f : X → S of superschemes over a point y ∈ Y is the superscheme
Xy = X ×S Specκ(y), where κ(y) is the residue field of y ∈ Y .
Whenever one has a morphism of superschemes f : X → S , we also say that it is a relative
superscheme or that X is superscheme over S .
Proposition 2.15. Let f : X → S be a morphism of superschemes.
(1) If f : X → S is flat (resp. faithfully flat), then the induced morphism f : X → S
between the underlying ordinary schemes is also flat (resp. faithfully flat).
(2) f : X → S is faithfully flat if and only if it is flat and for every quasi-coherent sheaf
N is on S , the condition f∗N = 0 implies that N = 0.
Proof. (1) We have only to prove that f : X → S is flat, since the surjectivity of f is topo-
logical. By base change we can assume that S = Y . Since the question is local on X we
can also assume that OX = Gr(OX ). Then, for every morphism N
′ → N of quasi-coherent
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OY -modules, N
′ ⊗OY OX → N ⊗OY OX is a direct summand of f
∗N ′ → f∗N . This implies
the statement.
(2) By applying Lemma 2.10 to S , we can assume that the base is an ordinary scheme
S. Now it is enough to apply again Lemma 2.10 for X and the analogous statement for
morphisms of ordinary schemes. 
Definition 2.16. A morphism f : X → S of superschemes is smooth of relative dimension
(m,n) if it is flat and for every (closed) point y ∈ S the fibre Xy of f over y is a smooth
scheme of dimension (m,n) (Definition 2.13).
By Proposition 2.15, if f : X → S is a flat morphism of superschemes, then f : X → Y is
also flat, so that it is universally open, and the image Im f is open in Y .
Definition 2.17. A morphism f : X → S is e´tale if it is flat and smooth of relative dimen-
sion (0, 0) over the open sub-superscheme Im f of S . An e´tale covering is a surjective e´tale
morphism.
By Proposition 2.15, if f : X → S is smooth or e´tale, the induced morphism f : X → S
between the underlying ordinary schemes is smooth or e´tale as well.
Definition 2.18 (([11], Definition 7)). The e´tale topology is the Grothendieck topology on
the category S of superschemes whose coverings are the surjective e´tale morphisms.
This allows to generalize to supergeometry some standard constructions and definitions
about the e´tale topology of schemes. In particular, we have the following definition (see [11]).
Definition 2.19. An (Artin) algebraic superspace is a sheaf X for the e´tale topology of su-
perschemes that can be expressed as the categorical quotient of an e´tale equivalence relation
of superschemes
T ⇒ U → X .
(here we are confusing superschemes and their functors of points).
Definition 2.20. A property P of morphisms of superschemes is local on the target for the
e´tale topology if a morphism f : X → S has the property P if and only if for every e´tale
covering φ : T → S , the fibre product φ∗f : X ×S T → T has the property P.
A property P of morphisms of superschemes is local on the source for the e´tale topology if a
morphism f : X → S has the property P if and only if for every e´tale covering φ : T → X ,
the composition f ◦ φ : T → S has the property P.
Proposition 2.21. The properties of being flat, smooth and e´tale, are local on the target and
on the source for the e´tale topology of superschemes. The properties of being separated and
proper are local on the target for the same topology.
Proof. The properties of being flat, separated, proper, smooth and e´tale are stable under base
change. The remaining properties follow from the fact that e´tale covers are faithfully flat. 
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2.3. Deformations of superschemes. Let X0 be a superscheme and let S be a super-
scheme with a distinguished closed point s0 ∈ S.
Definition 2.22. A deformation of X0 with base the pointed superscheme (S , s0) is a relative
superscheme π : X → S with an isomorphism between the fibre of π over s0 and X0, that
is, such that such that there is a fibred diagram
X0
  //

X
π

Speck 
 s0 // S
Two deformations π : X → S , π′ : X ′ → S are equivalent if there is an isomorphism
̟ : X ′ → X of S -superschemes inducing the identity on the fibres over s0.
A deformation is said to be local if S is the spectrum of a local ring, and infinitesimal if
S is the superscheme Speck[ǫ0, ǫ1] := (Spec k, k[ǫ0, ǫ1]) where ǫi has parity i and ǫ
2
0 = ǫ
2
1 =
ǫ0ǫ1 = 0.
If γ : S ′ → S is another superscheme and s′0 is a point of S
′ such that γ(s′0) = s0, for every
deformation X → S with base (S , s0) the fiber product X ×S S
′ → S ′ is deformation of
X0 with base (S
′, s′0). This defines a functor of deformations:
{Pointed superschemes} → {Deformations of X0}
(S , s0) 7→ Def(S ,s0)(X0) = {Deformations of X0 with base (S , s0)}
The trivial deformation of X0 with base S is the product deformation
X0
  //

X0 ×S
π

Spec k 
 s0 // S
A deformation is locally trivial if X can be covered by open subsets U such that
X0|U
  //

X0|U
π

Speck 
 s0 // S
is the trivial deformation. Following the proof of Theorem 1.2.4 in [31], one has
Proposition 2.23. Every deformation of a smooth superscheme is locally trivial. 
One easily sees that every locally trivial infinitesimal deformation
X0
  //

Xǫ0,ǫ1
π

Spec k 
 s0 // Speck[ǫ0, ǫ1]
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can be obtained by glueing trivial deformations X0|Ui×Speck[ǫ0, ǫ1]→ Spec k[ǫ0, ǫ1] on affine
open sub-superschemes Ui of X0 by means of automorphisms
X0|Uij × Speck[ǫ0, ǫ1]
≃ //
**❚❚❚
❚❚
❚
X0|Uij × Speck[ǫ0, ǫ1]
tt❥❥❥❥
❥❥
Speck[ǫ0, ǫ1]
of superschemes over Speck[ǫ0, ǫ1] that induce the identity over the closed fibre. But such
automorphisms are determined by automorphisms α of OX0(Uij)⊗k[ǫ0, ǫ1] as graded k[ǫ0, ǫ1]-
algebras that are the identity modulo (ǫ0, ǫ1). Then, for a ∈ OX0(Uij) and λ ∈ k[ǫ0, ǫ1], one
can write α(a⊗ λ) = α(a⊗ 1)λ = (a+Dα0(a)ǫ0 + (−1)
|a|Dα1(a)ǫ1)λ and Dα = Dα0 +Dα1 is
a derivation Dα of OX0(Uij), that is, a section of ΘX0 on Uij . One deduces:
Proposition 2.24. There is a bijection{
Isomorphism classes of locally trivial
infinitesimal deformations of X0
}
≃ H1(X,ΘX0) ,
which maps the trivial deformation to zero. This map is called the Kodaira-Spencer map for
X0. If X0 is smooth, the Kodaira-Spencer map is a bijection
Definf (X0) ≃ H
1(X,ΘX0) .
between the set of the isomorphism classes of all the infinitesimal deformations and the first
cohomology group of the tangent sheaf.
Proof. See Theorem 1.2.9. of [31] or Theorem 2.1.2 of [32]. 
It follows that Definf (X0) has the structure of a graded k-vector space. We shall often
refer to H1(X,ΘX0) as to the space of (automorphism classes of) infinitesimal deformations
of X0.
One can develop a similar theory for morphisms π0 : X0 → S0 of superschemes, that
is, for superschemes over “general points” S0. For any superscheme S and any “point”
s0 : S0 → S , a deformation of π0 : X0 → S0 with base s0 is now a morphism π : X → S
such that there is a fibred diagram
X0
//
π0

X
π

S0
s0 // S
One has the natural definitions of trivial, locally trivial and infinitesimal deformations. Proc-
ceeding as above, one see that Propositions 2.23 and 2.24 remain valid when S0 is affine. As
a consequence:
Proposition 2.25. Let π0 : X0 → S0 smooth. If Definf (X0/S0) is the sheaf (of pointed
sets) of the infinitesimal deformations of π0 : X0 → S0, there is an isomorphism of sheaves
of pointed sets
Definf (X0/S0) ≃ R
1π0∗(ΘX0/S0) ,
SUPERMODULI OF SUSY CURVES WITH RAMOND PUNCTURES 13
such that the trivial deformations go to zero. This is called the relative Kodaira-Spencer map
for π0 : X0 → S0.
2.4. The Kodaira-Spencer map for general deformations. Given a general pointed
superscheme s0 : S0 → S , we have seen (Proposition 2.12) that there is an identification of
sheaves of pointed sets
s∗0ΘS
∼→ Homs0(S0[ǫ0, ǫ1],S )
v 7→ φ(v) ,
where the second member stands for the extensions S0[ǫ0, ǫ1]→ S of s0. If π : X → S is a
deformation of a smooth morphism π0 : X0 → S0 with base s0, the pull-back φ(v)
∗(π) is an
infinitesimal deformation of π0 : X0 → S0. According to Proposition 2.25 one has:
Proposition 2.26. For every deformation π : X → S of π0 : X0 → S0 with base s0 there
is a morphism of sheaves of OS0-modules
s∗0ΘS
kss0(π)−−−−→ R1π0∗(ΘX0/S0)
v 7→ φ(v)∗(π)
This map is called the Kodaira-Spencer map of the deformation π. 
We can define a Kodaira-Spencer map for any smooth morphism π : X → S of super-
schemes. By the smothness of π there is an exact sequence
0→ ΘX /S → ΘX
dπ
−→ π∗ΘS → 0 .
Definition 2.27. The (relative) Kodaira-Spencer map of π : X → S is the composition
ks(π) : ΘS → R
1π∗(ΘX /S )
of the natural morphism ΘS → π∗(π
∗ΘS ) ∼→ ΘS ⊗ π∗(OX ) with the connecting morphism
π∗(π
∗ΘS )→ R
1π∗(ΘX /S ).
Note that, contrary to what happens for a morphism of ordinary schemes with connected
fibres, the map OS → π∗OX may fail to be an isomorphism.
Assume now that π : X → S is a deformation of a smooth morphism π0 : X0 → S0 with
base s0 : S0 → S . Then the relative Kodaira-Spencer map of π : X → S determines the
Kodaira-Spencer map of π as a deformation of π0. Actually one can check that the following
diagram commutes
s∗0ΘS
s∗
0
(ks(π))
//
kss0(π) ))❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
s∗0R
1π∗(ΘX /S )

R1π0∗(ΘX0/S0)
where the vertical map is the cohomology base change morphism. We shall refer toR1π∗(ΘX /S )
as the sheaf of (automorphism classes of) infinitesimal deformations of π : X → S .
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2.5. Supercurves and relative supercurves. For brevity of exposition we adopt a re-
stricted definition of supercurve.
Definition 2.28. A supercurve is a smooth proper superscheme of dimension (1, 1).
By Proposition 2.9 a supercurve is always split, and one has
OX ≃ OX ⊕ L
Π ∼→
∧
OX
(L) .
for a line bundle L on X. Moreover, by Equation 2.1 one has
(2.1) ΘX |X ∼→ ΘX ⊕ (L
−1)Π
(decomposition into even and odd parts).
For future use, we state here a simple Lemma. Let D →֒ ΘX be a locally free submodule
of rank (0, 1). The composition of D|X → ΘX ,|X and ΘX ,|X → (L
−1)Π is an odd morphism
and induces an even morphism D|X → L
−1.
Proposition 2.29. If the quotient ΘX /D is locally free, the above morphism of OX -modules
is an isomorphism:
D|X ∼→ (L
−1)Π .
Moreover, if (z, θ) are graded local coordinates, there is a local basis D of D such that D|X 7→
D|X(θ)∂ under this isomorphism, ∂ being the dual basis of θ.
Proof. Since Der(OX )/D is locally free, one can locally find derivations D0 and D1, even
and odd, respectively, such that D = 〈D1〉 and (D0,D1) is a graded basis of ΘX . Then the
restrictions D0|X , D1|X form a graded basis of ΘX |X , so that ΘX ≃ 〈D0|X〉 and (L
−1)Π ≃
〈D1|X〉 = D|X according to the decomposition (2.1), and D|X 7→ D|X(θ)∂ where ∂ is the dual
basis of θ. 
Definition 2.30. We say that a supercurve X = (X,OX ≃ OX ⊕ L
Π) has genus g and
degree m if g is the genus of X and m is the degree of the line bundle L.
Definition 2.31. A supercurve over a superscheme S is a smooth proper morphism X → S
of superschemes of relative dimension (1, 1).
An easy consequence of Proposition 2.21 is:
Proposition 2.32. For any morphism X → S of superschemes, the property of being a
relative supercurve is local on the target for the e´tale topology of superschemes. 
The fibre over a closed point s ∈ S is a supercurve Xs = (Xs,OXs⊕Ls) for a line bundle Ls
on Xs. Since f is flat, the genus of Xs and the degree of Ls (Definition 2.30) are independent
of the point s as far as S is connected, so we can define the genus g and the degree m of the
relative supercurve X → S over a connected base.
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Let π : X → S be a (relative) supercurve. Consider the diagram
X 
 j //
π˜ !!❇
❇
❇
❇
❇
❇
❇
❇
❇
XS
  i //
πY

X
π

S 
 i // S
Proceeding as in Subsection 2.5, one proves the following result:
Proposition 2.33. Every supercurve over an ordinary scheme is split, i.e., OXS
∼→ OX⊕L
Π
for a line bundle L on X (here S is an ordinary scheme). 
The splitting gives a retraction p : XS → X of the immersion j. Assume that S is split,
S = (Y,
∧
E), so that the natural closed immersion i : S →֒ S has a retraction ρ : S → S,
ρ ◦ i = Id. In this case we have another relative split curve
ρ∗XS = (X,
∧
(π˜∗E ⊕ Lπ))→ S
Proposition 2.34. The relative supercurves π : X → S and ρ∗XS → S are locally iso-
morphic on the source, that is, there is a covering of X by open sub-superschemes U →֒ X ,
such that U ∼→ ρ∗US. That is,
OU ∼→
∧
(π˜∗E|U ⊕ L|U ) ∼→ OUS ⊕ L
π
US
,
where LUS is the line bundle on US induced by projection p : US → U .
Proof. Let JS , JX be the ideals generated by the elements of degree 1 inOS andOX , so that
E = JS /J
2
S
and OX is locally isomorphic to
∧
F with F = JX /J
2
X
. Since OXS
∼→ OX⊕L
Π
by Proposition 2.33, LΠ is the ideal of X into XS, and one has
0→ JS · OX → JX → L → 0 .
as sheaves onX. The condition L2 = 0 inOXS gives J
2
X
⊆ JS ·OX , and then, J
2
S
·OX = J
2
X
.
It follows that we have an exact sequence of OX -modules
0→ JS · OX /J
2
S · OX → F → L → 0 .
Moreover, by flatness JS · OX /J
2
S
· OX ∼→ π˜
∗E . Since L is locally free, the exact sequence
is locally split, so that there is an open subset U ⊆ X such that
F|U ∼→ π˜
∗E|U ⊕ L|U .
Taking U small enough, we can assume that OU ∼→
∧
F|U and the result follows. 
Corollary 2.35 (Local relative graded coordinates). Let π : X → S be a (relative) super-
curve. Take a covering of S by splitting neighbourhoods V. Locally on π−1(V), π is described
by relative graded coordinates (z, θ), where z ∈ OX(U), and θ is a local basis of L
Π
V|U . 
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3. Relative SUSY curves with Ramond-Ramond punctures
Our next step is to define supersymmetric curves with Ramond-Ramond punctures. SUSY
curves are supercurves with a conformal structure, i.e., an odd distribution which is maximally
nonintegrable. SUSY curves with Ramond-Ramond punctures have a “quasi” conformal
structure: an odd distribution which is maximally nonintegrable in the complementary of
a superdivisor, which is interpreted as the Ramond-Ramond puncture. Thus, in spite of
their name, SUSY curves with Ramond-Ramond punctures are not SUSY curves, but rather
degenerations of them.
3.1. SUSY curves. We recall the definition of a SUSY curve.
Definition 3.1. We say that a relative supercurve π : X → S is supersymmetric, or a
SUSY curve, if is there is a locally free submodule D →֒ ΘX /S of rank (0, 1) such that the
composition map D⊗OS D
[ , ]
−→ ΘX /S → ΘX /S /D induces an isomorphism of OX -modules
D ⊗OX D
∼→ ΘX /S /D .
D is a conformal structure for π : X → S .
3.2. Superdivisors. To define Ramond-Ramond punctures we need a suitable definition of
superdivisor. Let S = (S,OS ) be a superscheme and π : X → S a relative supercurve
(Definition 2.31).
Definition 3.2. A relative positive divisor of degree n is a closed sub-superscheme Z =
(Z,OZ ) →֒ X whose ideal is a line bundle OX (−Z ) of rank (1, 0) and whose structure sheaf
OZ is a finite flat OS -module of dimension (n, n) (see [10], Definition 5).
If (z, θ) is a system of relative graded local coordinates (Corollary 2.35), OX (−Z ) is locally
generated by an element of type
f = zn + (a1 + b1θ)z
n−1 + · · · + (an + bnθ) ,
where the a′is are even and the b
′
is are odd elements in OS . Here n is the degree of the
restriction of Z to the open sub-superscheme of X where (z, θ) are graded coordinates.
Since the projection Z → S is finite and flat, the underlying scheme morphism Z → S is
a covering of degree n. Then, there is a dense open subset S′ of S such that the fibre Zs over
s ∈ S′ is a reduced divisor of Xs, i.e., it consists of n different points, Zs = x1 + · · · + xn.
The fibre over a point s of the ramification locus S − S′ (which is closed of codimension 1
by Zariski’s purity theorem [34]) is a divisor Zs = p1x1 + · · · + pqxq with n = p1 + · · · + pq
and at least one of the coefficients greater than 1. If we restrict X → S and Z to the
nonramification locus S ′ = S|S′ we have a nonramified superdivisor Z
′ of X ′ → S ′. Then,
we can find a system of relative graded local coordinates around each point in the support of
the superdivisor so that the equation of the divisor is
z = 0 .
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To see this, one notes that for suitable (z, θ) Equation 3.2 takes the form f = z + bθ for an
odd element b in OS ′ . Since (z + bθ, θ) is also a system of relative graded local coordinates,
we get the desired expression.
This means that the splitting OXS
∼→ OX⊕L and the corresponding retraction p : XS → X
ca be chosen so that the local isomorphism X ∼→ ρ∗XS given by Proposition 2.34 transforms
Z to the superdivisor ρ¯∗Z (where ρ¯ = p ◦ ρ) induced by the underlying ordinary divisor
Z →֒ X. In other words,
Proposition 3.3. Let Z a relative superdivisor on a supercurve π : X → S such that
Z → S is nonramified. Then the pair (X → S ,Z ) is locally (on the source X ) isomorphic
to (ρ∗XS → S , ρ¯
∗Z), that is, locally one has
OX ∼→
∧
(π˜∗E ⊕ L) ∼→ OXS ⊕ LXS ,
where π˜ : X → S is the underlying family of ordinary curves, LXS = p
∗L and
OX (−Z ) ∼→ ρ¯
∗OX(−Z).
One can choose relative graded coordinates (z, θ) such that Z is given by the equation z =
0. 
3.3. Ramond-Ramond SUSY curves.
Definition 3.4. Let π : X → S be a relative supercurve, and Z →֒ X a positive relative
superdivisor. We say that π : X → S is a Ramond-Ramond-SUSY curve (or an RR-SUSY
curve) along Z if is there is a locally free submodule D →֒ ΘX /S of rank (0, 1) such that the
composition map D⊗OS D
[ , ]
−→ ΘX /S → ΘX /S /D induces an isomorphism of OX -modules
D ⊗OX D
∼→ (ΘX /S /D)(−Z ) .
We then say that D is a Ramond-Ramond conformal structure for (π : X → S ,Z ) or a
Ramond-Ramond conformal structure for π : X → S along Z .
The irreducible components of the superdivisor Z are usually called the Ramond-Ramond
punctures. Note that even these components may be ramified coverings of the base, that is,
may intersect a fibre in a divisor with some points counted more than once.
RR-conformal structures can be described in terms of the relative Berezinian sheaf Ber(X /S ) =
Ber(ΩX /S ) (see also [7]).
Proposition 3.5. Let π : X → S be a relative curve, and Z →֒ X a positive relative su-
perdivisor. If D is a Ramond-Ramond conformal structure along Z , there is an isomorphism
Ber(X /S )−1 ∼→ D(Z ) .
Moreover, if there is an epimorphism
ΩX /S → Ber(X /S )(Z )→ 0
then the image D ∼→ Ber(X /S )−1(−Z ) of the dual morphism is an RR-conformal structure
along Z .
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Proof. By taking Berezinians in the dual of the exact sequence of locally free sheaves
0→ D → ΘX /S → D ⊗OX D(Z )→ 0 ,
and since Ber(N ) ∼→ N for a line bundle of rank (1, 0) and Ber(N ) ∼→ N−1 for a line bundle
of rank (0, 1), we obtain
Ber(X /S ) ∼→ D−1(−Z ) ,
which proves the first statement. For the converse, taking Berezinians in the exact sequence
0→ ker π → ΩX /S
π
−→ Ber(X /S )(Z )→ 0
we get Ber(X /S ) ∼→ kerπ ⊗ Ber(X /S )−1(−Z ), so that
D ⊗D ∼→ (ker π)−1(−Z ) ∼→ (ΘX /S /D)(−Z ) .

By Proposition, 3.3, if Z is nonramified over S locally on X one has
OX ∼→
∧
(π˜∗E ⊕ L) ∼→ OXS ⊕ L
Π
XS
,
and one can choose relative graded coordinates (z, θ) such that Z is given by the equation
z = 0.
For SUSY curves, one easily sees that the local coordinates can be chosen so that D is
locally generated by ∂∂θ + θ
∂
∂z . For RR-SUSY curves one only has:
Proposition 3.6. Let π : X → S be a relative curve, Z →֒ X a positive relative superdi-
visor nonramified over S , and D a Ramond-Ramond conformal structure along Z . There
exists an e´tale covering T → S with the following property: on the base-changed RR-SUSY
curve (XT ,ZT ,DT ) → T locally there are relative graded coordinates (z, θ) such that ZT
is given by the equation z = 0, and DT is locally generated by
D =
∂
∂θ
+ zθ
∂
∂z
.
These coordinates are called superconformal. Then, an RR-SUSY curve is locally trivial on
the source in the e´tale topology, that is, locally on XT it is isomorphic to XT = (X,OXT ⊕
θOXT )→ T equipped with the superdivisor z = 0 and the distribution
D = 〈
∂
∂θ
+ zθ
∂
∂z
〉 .
Proof. We can asuume that S is affine. Take first (w, η) such that, according to Proposition
3.3, Z has equation w = 0. Since ΘX /S /D is locally free, tensoring by an invertible sheaf if
is necessary, one can take a local generator of D of the form
D′ =
∂
∂η
+ g
∂
∂w
,
where g is odd. Then ΘX /S /D(−Z ) is generated by the class of w
∂
∂w . Since
1
2
[D′,D′] =
(
∂g
∂η
+ g
∂g
∂w
)
∂
∂w
=
∂g
∂η
∂
∂w
,
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where the second equality follows from g2 = 0, the condition of D being a superconformal
structure along Z is equivalent to
∂g
∂η
= wβ ,
with β even and invertible and not depending on η. Let us write β = β0+wβˆ where β0 is an
invertible function in OS (S).
We can now take an e´tale covering of the base such that there exist α invertible in O(T )
such that α2 = β0. So we can take T = SpecO(S)[t]/(t
2 − β0) and OT = OS [t]/(t
2 − β0).
If we consider the local coordinates (w, θ = αη), the local generator D = α−1D′ of D takes
the form
D =
∂
∂θ
+ f
∂
∂w
where the coefficient f satisfies
∂f
∂θ
= wγ , with γ = 1 + wγˆ ,
γˆ being an even local section of OXS
∼→
∧
(π˜∗E).
We want to find new coordinates (z, θ) such that D can be written as
D =
∂
∂θ
+ zθ
∂
∂z
.
Since
D =
∂
∂θ
+
(∂z
∂θ
+ f
∂z
∂w
) ∂
∂z
we must solve
zθ =
∂z
∂θ
+ f
∂z
∂w
for z. Let us write f = f1 + θwγ, z = z0 + θz1, where the subscripts 0 and 1 stand for even
and odd local sections of OXS
∼→
∧
(π˜∗E). We have two equations
0 = z1 + f1
∂z0
∂w
, z0 = wγ
∂z0
∂w
− f1
∂z1
∂w
.
From the first equation we obtain ∂z¯1∂w = −(
∂f1
∂w z0 + f1
∂z0
∂w ) and then f1
∂z1
∂w = 0, since f
2
1 = 0
and f1
∂f1
∂w = 0. The second equation now gives
z0 = wγ
∂z0
∂w
which has a solution as γ = 1 +wγˆ.
To conclude, note that although the e´tale covering of the base depends on the coordinate
neighbourhood chosen at the beginning of the proof, as π is proper there exists an e´tale
covering of the base that works for all coordinate neighbourhoods. 
Remark 3.7. In the case of a single RR-SUSY curve no e´tale covering of the base is needed
(any connected e´tale covering of Spec k is the identity).
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3.4. RR-SUSY curves over ordinary schemes. By Proposition 2.33, any relative super-
curve X → S a over an ordinary scheme S is split, so that OX ≃ OX ⊕L
Π for a line bundle
L on X. There is a decomposition
ΩX /S ∼→ (κX/S ⊗OX OX )⊕ (L
Π ⊗OX OX ) ,
of the relative differentials as sum of locally free sheaves of rank (1, 0) and (0, 1). Here we
write κX/S = ΩX/S for the relative canonical line bundle of X → S, and the parity-change
functor establishes the correct parity. One then has
Ber(X /S) ∼→ (κX/S ⊗L
−1)Π ⊗OX OX ,
so that the decomposition of Ber(X /S) as an OX -module into even and odd components is
Ber(X /S) ∼→ κX/S ⊕ (κX/S ⊗ L
−1) .
If Z →֒ X is a positive relative divisor (that may be ramified), it follows from Equa-
tion 3.2 that Z is determined by the ordinary relative divisor Z = Z|X to X → S; then
OX (−Z ) ∼→ OX(−Z)⊗OX OX .
Proposition 3.8. The existence of an RR-conformal structure D on X → S along Z is
equivalent to the existence of an isomorphism of OX -modules
L ⊗ L ∼→ κX/S(Z) .
These isomorphisms are called Ramond-Ramond-spin structures or RR-spin structures. That
is, the existence of a Ramond-Ramond conformal structure D on X → S along Z is equiva-
lent to the existence of an RR-spin structure on X → S along Z.
Proof. If D is an RR-conformal structure, by Proposition 2.29 one has D|X ∼→ (L
−1)Π, and
Ber(X /S ) ∼→ D−1(−Z ) by Proposition 3.5. Then κX/S ⊗ L
−1 ∼→ L(−Z).
For the converse, if L ⊗ L ∼→ κX/S(Z), Equation 3.4 yields
ΩX /S ∼→ (κX/S ⊗OX OX )⊕ (((L
−1)Π ⊗ κX/S(Z))⊗OX OX )
∼→ (κX/S ⊗OX OX )⊕ Ber(X /S)(Z )
so that there is an epimorphism ΩX /S → Ber(X /S)(Z) and one concludes by Proposition
3.5. 
Note that the existence of a Ramond-Ramond conformal structure forces the degree nR of
Z to be even, because one has
2m = 2g − 2 + nR
where m = degL.
If (X ,Z ,D) is an RR-SUSY curve over S, so that OX = OX ⊕ L, we write
L = κX/S(Z)
1/2 .
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One also has
D ⊗D ≃ (κ−1X/S ⊗OX(−Z))⊗OX OX ≃ κX/S(Z)
−1 ⊕ κX/S(Z)
−1/2
ΘX /S/D ≃ κ
−1
X/S ⊕ (κX/S(Z)
−1/2 ⊗OX(Z)) ,
as sheaves of OS-modules, where the direct sum is the decomposition into even and odd parts.
By Proposition 3.6 relative superconformal local coordinates exist after an e´tale covering
of the base. A local computation shows that after that covering
θ ⊗ θ = z−1dz
under the isomorphism L ⊗ L ∼→ κX/S(Z).
3.5. Morphisms of SUSY curves with Ramond-Ramond punctures and base change.
A morphism φ : X ′ → X of supercurves over S induces a morphism of OX -modules
φ∗ : ΘX ′/S → φ
∗ΘX /S = ΘX /S ⊗OX OX ′ ,
so that a conformal structure D′ on X ′/S defines a subsheaf φ∗D
′ of ΘX /S ⊗OX OX ′ .
Definition 3.9. Let (X /S ,Z ,D) and (X ′/S ,Z ′,D′) be RR-SUSY-curves along relative
positive superdivisors of degree m over a superscheme S . A morphism between them is a
morphism φ : X ′ → X of supercurves over S such that φS(Z
′) = Z and φ∗D
′ ⊆ φ∗D =
D ⊗OX OX ′ .
We can then consider the category of RR-SUSY-curves of genus g along a relative positive
superdivisor of degree m over a superscheme S . The automorphisms of (X /S ,Z ,D) are
the automorphisms τ of X as a supercurve over S such that τS(Z ) = Z and D and τ∗D
define the same subsheaf of ΘXcal/S . In particular, when the base superscheme is an ordinary
scheme S, so that OX ≃ OX ⊕L, we have seen that the data (X /S,Z ,D) are equivalent to
(X/S,L, Z,̟), where ̟ : L⊗L ∼→ κX/S ⊗OX(Z) is an isomorphism of OX-modules. Then τ
is just a pair τ = (τ0, τ1), where τ0 is an automorphism of the underlying family of curves X/S
with ̟(Z) = Z, and τ1 is an automorphism of L as a line bundle, such that the isomorphism
̟ is preserved. In particular, if τ0 = Id, then τ1 = ± Id.
Let (X /S ,Z ,D) be an RR-SUSY-curve along a relative positive superdivisor Z over a
superscheme S . If φ : T → S is a morphism of superschemes, base change gives a relative
RR-SUSY curve XT = φ
∗X → T and a relative positive superdivisor ZT = φ
∗Z →֒ XT
over T . Moreover, since ΘX /S /D is locally free, DT = φ
∗D is a locally free subsheaf
of ΘXT /T of rank (0, 1) and it is an RR-conformal structure for XT → T along ZT .
We then have a relative RR-SUSY curve φ∗(X /S ,Z ,D) = (XT /T ,ZT ,DT ) obtained
by the base-change φ : T → S . In particular, if i : S →֒ S is the natural immersion of the
underlying ordinary scheme, we obtain a relative RR-SUSY curve (XS/S,ZS ,DS) over S, i.e.,
an RR-SUSY structure on the split supercurve XS → S. By Proposition 3.8, the restricted
RR-SUSY curve (XS/S,ZS ,DS) is equivalent to a Ramond-Ramond-spin structure, that is,
OXS
∼→ OX⊕L for a line bundle L on X, the superdivisor ZS is determined by its restriction
Z to X, OXS (ZS)
∼→ OX(Z) ⊗OX OXS , the restriction D|X of D (and also of DS) to X is
isomorphic to L−1, and one has L ⊗L ∼→ κX/S(Z).
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3.6. Infinitesimal deformations of an RR-SUSY curve. Let (π : X → S ,D,Z ) be
an RR-SUSY curve. From now on, we always assume that Z → S is nonramified, so that
the underlying divisor Z intersects every fibre in m different points. This ensures that every
infinitesimal deformation of the pair Z →֒ X → S is locally trivial, something that we shall
not use explicitly but will have an effect on the computation of the dimension of the moduli
space using infinitesimal deformations.
Definition 3.10. We define a sheaf GnRπ whose sections on an open set U are the graded
derivations D′ ∈ Γ(U,ΘX /S ) that preserve D, that is,
GnRπ (U) = {D
′ ∈ Γ(U,ΘX /S ) | [D
′,D] ∈ D(U), for every D ∈ D(U)} .
When X is a single curve we shall use the notation GnR
X
.
If we consider a single RR-SUSY curve (X ,D,Z ), from the discussion before Proposition
2.24 we see that the automorphisms of X0|Uij × Speck[ǫ0, ǫ1] that preserve the induced dis-
tribution D ⊗ 1 are the ones defined by α(a⊗ λ) = (a+D′α0(a)ǫ0 + (−1)
|a|D′α1(a)ǫ1)λ where
D′α = D
′
α0 +D
′
α1 is a section of G
nR
X
. This follows from the expression α(D¯) = α ◦ D¯ ◦ α−1
for any derivation D¯ of OX (Uij)[ǫ0, ǫ1].
Summing up, one has:
Proposition 3.11. Statements analogous to Propositions 2.24 and 2.25 about infinitesimal
deformations and Kodaira-Spencer maps remain true for RR-SUSY curves if one considers
GnRπ instead of the relevant cotangent sheaf. 
Proposition 3.12. Let (X ,D,Z ) be a single RR-SUSY curve such that Z consists of nR
different points.
(1) There is an isomorphism
GnR
X
∼→ (ΘX /D)⊗OX (−Z)
as sheaves of graded vector spaces.
(2) There is an isomorphism of sheaves of graded vector spaces
GnR
X
∼→ D ⊗D ∼→ κX(Z)
−1 ⊕ κX(Z)
−1/2 ,
where we have written L = κX(Z)
1/2.
Proof. Let us denote by π¯ the projection ΘX /S → ΘX /S/D.
(1) Working locally in superconformal coordinates (Proposition 3.6 and Remark 3.7), let
D′ = a ∂∂z + bD be a graded derivation. Then
[D′,D] = (−aθ − (−1)|a|D(a) + 2bz)
∂
∂z
+ (−1)|b|D(b)D ,
so that D′ is a section of GnR if and only if
(3.1) 0 = −aθ − (−1)|a|D(a) + 2bz .
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If D′ is even, then a = a(z) and D(a) = zθa′, so that Equation (3.1) gives 0 = 2bz−aθ−zθa′.
Thus, a is a multiple of z, so that a = za¯(z), and π¯ sends D′ to za¯π¯( ∂∂z ) and, since b is
determined by a, π¯ induces an isomorphism
GnR
X ,0
∼→ (ΘX /D)0(−Z) .
If D′ is odd, then a = a1(z)θ and D(a) = a1, which gives 0 = 2bz+ a1. Then a1 is a multiple
of z and one sees that π¯ induces an isomoprphism of GnR1 with the multiples of z in (ΘX /D)1,
that is, an isomorphism
GnR
X ,1
∼→ (ΘX /D)1(−Z) .
(2) follows from Equation 3.4. 
Corollary 3.13. H0(X,GnR
X
) = 0 and
dimH1(X,GnR
X
) = (3g − 3 + nR, 2g − 2 + nR/2) .

We can now compute the infinitesimal deformations of an RR-SUSY curve.
Corollary 3.14. Let (π : X → S,D,Z ) be an RR-SUSY curve of genus g over an ordinary
scheme S. One has
π∗G
nR
π = 0
R1π∗G
nR
π ≃ [R
1π∗(κX/S(Z)
−1)]⊕ [R1π∗(κX/S(Z)
−1/2)]
≃ [R1π∗(κX/S(Z)
−1)]⊕ [R1π∗(L
−1)] ,
where the direct sum is the decomposition between even and odd parts. Moreover, R1π∗G
nR
π is
a locally free OS-module of rank
rk(R1π∗G
nR
π ) = (3g − 3 + nR, 2g − 2 + nR/2) .

Proceeding as in [22, Proposition 2.2], one has:
Corollary 3.15. Let (π : X → S ,Z ,D) be a relative RR-SUSY curve, where now S is any
superscheme. One has
π∗G
nR
π = 0 .

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4. Supermoduli of RR-SUSY curves
In the section we describe both a local and a global construction of the supermoduli space
of RR-SUSY curves. From now on we assume that the base field k is the field of the complex
numbers; this will be required in Lemmas 4.10 and 4.11. To simplify the exposition we shall
only consider curves of genus g ≥ 2 with a level n-structure with n ≥ 3, so that they have no
automorphisms but the identity and there exists a fine moduli scheme Mg of ordinary curves,
carrying a universal curve Xg →Mg. We also fix a positive integer nR which is the degree of
the divisor of the relative positive superdivisor along where the Ramond-Ramond punctures
are supported. The supermoduli of RR-SUSY curves is constructed in the same way as the
supermoduli for SUSY curves [11]. The steps of the constructions are the following:
(1) Construction of the bosonic supermoduli. For that, we mean the underlying scheme
(or the relevant algebraic structure) to the supermoduli, assuming that it exists.
(2) Computation of the infinitesimal deformations of RR-SUSY curves.
(3) Construction of the “local supermoduli superscheme” out of the infinitesimal defor-
mations.
(4) Extension to RR-SUSY curves of the results of Le Brun-Rothstein [22], which they
proved in the case of SUSY curves.
From now on, we always assume that the positive relative divisors Z are nonramified over
the base.
Definition 4.1. The functor of RR-SUSY-curves along a relative positive superdivisor of de-
gree nR is the sheaf SnR for the e´tale topology of superschemes ([11], Definition 7) associated
to the presheaf
S → SnR(S ) =


Isomorphism classes of SUSY curves over S with
a Ramond-Ramond puncture along a positive
superdivisor Z of relative degree nR
such that Z → S is nonramified


.
4.1. The bosonic Moduli functor of RR-SUSY curves. In this subsection we describe
the functor of RR-SUSY curves over ordinary schemes. Due to Proposition 3.8, RR-SUSY
curves over ordinary schemes are related to RR-spin structures.
Definition 4.2. An RR-spin-curve over an ordinary scheme S is a curve X → S with a
relative positive divisor Z nonramified over S, and an “invertible sheaf class” Υ ∈ PicX/S
such that Υ2 = [κX/S(Z)].
So a curve with an RR-spin structure in the sense of Proposition 3.8 is an RR-spin curve,
but the converse is only true after an e´tale base change, that is, locally for the e´tale topology.
Moreover, as already noted in Equation 3.4, the existence of an RR-spin structure forces the
relative degree nR of Z to be even.
If the morphism π : X → S has a section, PicX → PicX/S is an epimorphism [17, Section
2] and the ‘relative RR-spin structure’ has the form Υ = [L] for some invertible sheaf L on
X. However, the sheaf L may still not be an RR-spin structure. On the other hand, since
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π∗OX ∼→ OS , if there is an RR-spin structure L ∈ Υ along Z, any other RR-spin structure in
the same class has the form L ⊗ π∗N for an invertible sheaf N on S with N 2 = OS .
Definition 4.3. The functor of RR-spin-curves is the functor on the category of ordinary
schemes given by
S → SnR(S) =


Isomorphism classes of RR-spin-curves (X/S,Z,Υ)
of genus g along a positive divisor Z
of relative degree nR and nonramified over S

 .
Proceeding as in [11, Theorem 4.2] we obtain:
Proposition 4.4. There is an isomorphism of sheaves for the e´tale topology
(4.1) SnR|{Schemes}
∼→ SnR ;
that is, the restriction of the functor of RR-SUSY-curves to the category of ordinary schemes
is the functor of RR-spin-curves. 
Consider now the morphism of functors over ordinary schemes S given by
SnR(S)→ Div
[nR]
g (S) =


Automorphism classes of curves
X → S of genus g
with a positive divisor
Z →֒ X of relative degree nR
and nonramified over S


(X /S,Z ,D) 7→ (X/S,Z) .
By Proposition 4.4, the “fibre functor” is the functor of RR-spin structures on X/S along
Z. Take the moduli scheme Mg of curves of genus g and the universal curve Xg → Mg.
Let us consider the open subscheme M of the relative symmetric power SnR(Xg/Mg) which
is the complementary of all the diagonals. Then M is a fine moduli scheme for relative
positive divisors of relative degree nR that are nonramified over the base (that is, whose fibres
are positive divisors consisting of nR different points). This is a quasi-projective scheme of
dimension 3g− 3+ nR. Let us denote by X →M the pullback of the universal curve, and by
Z →֒ X the universal positive divisor of X →M of relative degree nR. Note that Z →M is
nonramified.
Let Jd = Jd(X/M) → M be the relative Jacobian of invertible sheaves of degree d on
XM →M and Υd ∈ Pic
d(XM ×M J
d/Jd) the universal “invertible sheaf class.” The twisted
canonical sheaf κXM/M (Z) defines a point of J
2g−2+nR with values in M , that is, a morphism
ι : M → J2g−2+nR of M -schemes. If m = nR/2, µ2 : J
g−1+m → J2g−2+nR is the morphism
“raising to power two,” and MnR = µ
−1
2 [κXM/M (Z)] ⊂ J
g−1+m is the pullback of that point,
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that is, MnR is defined by the cartesian diagram
Jg−1+m
µ2 // J2g−2+nR
MnR
?
OO
ρ
// M .
?
ι
OO
The natural projection MnR → M is an e´tale covering of degree 2
2g, so that MnR is a quasi-
projective scheme of dimension 3g − 3 + nR.
Now, the pullback XnR = XM ×M MnR →֒ XM ×M J
g−1+p of the universal curve, together
with the pullback ZnR of the divisor Z and the “invertible sheaf class” ΥnR given by the
restriction of Υg−1+p to XnR , define a “universal RR-spin curve class” in SnR(MnR), as one
has
Υ2nR = [κXnR/MnR (ZnR)].
Theorem 4.5 (Bosonic moduli). The functor of spin-curves SnR is representable by the
quasi-projective scheme MnR of dimension 3g−3+nR, which we call the bosonic supermoduli
scheme, and the ’universal RR-spin curve class’
(XnR , ZnR ,ΥnR) .
Due to the functor isomorphism (4.1), the restriction SnR|{Schemes} of the functor of RR-
SUSY-curves to the category of ordinary schemes is representable by MnR together with a
“universal RR-SUSYcurve class”
(XnR →MnR , ZnR ,ΥnR) .

The “universal relative RR-SUSY curve class” XnR →MnR is not a true relative RR-SUSY
curve with underlying scheme XnR , because ΥnR is not the class of a line bundle, however
there exists an affine e´tale covering p : U →MnR such that p
∗ΥnR is the class of a line bundle
L on the pull-back XU → U of XnR (for that it is enough that XU → U has a section). By
Equation 4.1, L ⊗ L is isomorphic to κXU/U (ZU ), where ZU is the pull-back of the universal
divisor ZnR , up to the pull-back of a line bundle on U . We can then refine U if necessary to
have an isomorphism
̟ : L ⊗ L ∼→ κXU/U (ZU ) .
Definition 4.6. An e´tale covering p : U → MnR is called trivializing if it has the above
properties, namely, p∗ΥnR = [L] for a line bundle L on XU and there is an isomorphism
̟ : L ⊗ L ∼→ κXU/U (ZU ).
Take an affine e´tale covering q : R → U ×MnR U and denote by (q1, q2) : R ⇒ U the
composition of q with the two projections (p1, p2) : U ×MnR U ⇒ U . Then q
∗
1XU and q
∗
2XU
are isomorphic as curves over R; let us write XR := q
∗
1XU
∼→ q∗2XU . Also q
∗
1ZU and q
∗
2ZU are
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isomorphic as relative divisors over R and we write ZR := q
∗
1ZU
∼→ q∗2ZU . One then has a
diagram
XR
(q1,q2)//
//
π

XU //
π

XnR
π

R
(q1,q2) //
// U // MnR
where the double arrows are e´tale equivalence relations and the rightmost column contains
the quotients in the category of schemes. We also have
q∗1̟ : q
∗
1L ⊗ q
∗
1L
∼→ κXR/R(ZR) , q
∗
2̟ : q
∗
2L⊗ q
∗
2L
∼→ κXR/R(ZR) .
The line bundles q∗1L and q
∗
2L are in the same class in the relative Picard group, so that
q∗1L
∼→ q∗2L⊗π
∗N for a line bundle N on the base. By refining q if necessary, we can assume
that N is trivial; then q∗1L
∼→ q∗2L. Let us denote by L¯ one of these line bundles. Proceeding
as in the proof of [11, Theorem 4.2], we can refine q again so that there is an automorphism
t of L¯ such that ̟2 = ̟1 ◦ (t⊗ t).
Thus, considering the relative RR-SUSY curvesXR = (XR,OXR⊕L¯) and XU = (XU ,OXU⊕
L), the above diagram can be completed to a diagram of RR-SUSY curve classes
(XR, ZR, L¯)
(q1,q2)//
//
πR

(XU , ZU ,L) //
πU

(XnR , ZnR ,ΥnR)
π

R
(q1,q2) //
// U // MnR
where we are confusing superschemes with their functors of points. Moreover, since XnR
is separated, the morphism XR
(q1,q2)
−−−−→ XU × XU is a closed immersion. It follows that
XR
(q1,q2)
−−−−→ XU ×XU is a closed immersion as well. This proves the following:
Proposition 4.7. The “universal relative RR-SUSY curve class” is the quotient of the e´tale
equivalence of superschemes
XR ⇒XU → XnR .
That is, XnR is an Artin algebraic superscheme (see [11] Definition 6.3) whose underlying
Artin algebraic space is the relative curve XnR → MnR over the bosonic moduli scheme.
Moreover XnR is separated [20, Chap. 2, 1.8]. 
Since U and R are local moduli spaces for RR-SUSY curves on the category of ordinary
schemes, one has:
Proposition 4.8. The even components of the Kodaira-Spencer maps (Definition 2.27) of
the RR-SUSY curves (XU , ZU ,L)→ U and (XR, ZR, L¯)→ R are isomorphisms. 
Remark 4.9. For every trivializing covering p : U → MnR (Definition 4.6), the fibre product
R = U ×MnR U defines an e´tale equivalence relation (p1, p2) : U ×MnR U ⇒ U , whose quotient
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(in the category of locally ringed spaces, [20]) is MnR . Then, the functor of RR-spin-curves
SnR ≃MnR is the quotient of equivalence relation
R ≃ U ×MnR U ⇒ U
in the category of sheaves of sets.
4.2. RR-SUSY curves over split superschemes and extension problems. Let S =
(S,
∧
E) be an affine split superscheme and (π : X∗ → S,Z,L) an RR-SUSY curve over
the underlying ordinary scheme S. Then OX∗ = OX ⊕ L and there is an isomorphism
L ⊗ L ∼→ κX/S(Z).
We want to describe the supercurves π¯ : X → S with an RR-SUSY structure D along
a superdivisor Z extending (X∗, Z,L). We consider two such supercurves X
′ → S and
X → S as equivalent if there exists an isomorphism X ′ ∼→ X of relative RR-SUSY curves
over S which restrict to the identity on (X∗, Z,L).
In this case we consider the sheaf of abelian groups over X given by
G = exp(N ⊗ GnRπ )0 ,
where GnRπ is the sheaf given by Definition 3.10, N is the ideal of
∧
E generated by E and the
subscript 0 denotes the even part, and N ⊗ GnRπ := π
−1N ⊗π−1OY G
nR
π .
Since any RR-SUY curve is locally split on the source by Proposition 3.6 and π∗(G
nR
π ) = 0
by Corollary 3.14, similar statements to Lemmas 2.3 and 2.4 of [22] hold true with analogous
proofs:
Lemma 4.10. There is a one-to-one correspondence between the set of equivalence classes
of RR-SUSY curves (X → S ,Z ,D) extending (X∗ → Y,Z,L) and the cohomology set
H1(X,G). 
Lemma 4.11. If S (m) = (Y,OS /N
m+1), then
(1) any RR-SUSY curve (π(m) : X → S (m),Z (m),D(m)) can be extended to an RR-SUSY
curve over S (m+1);
(2) the space of equivalence classes of such extensions is naturally an affine space modelled
on
Γ(Y, (
∧mE ⊗R1π∗GnRπ )0) .

4.3. Local structure of the moduli of RR-SUSY curves. The local structure of the
supermoduli of RR-SUSY curvesMnR , assuming that the latter exists, can be determined by
looking at the infinitesimal deformations of the universal RR-SUSY curve class XnR →MnR
over the bosonic moduli MnR given by Theorem 4.5. Since the underlying scheme to MnR is
MnR , one should have locally that
MnR = (MnR ,
∧
E) ,
where E is a locally free sheaf on MnR determined by
E∗ ≃ Θ(MnR)
Π
−
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(see Equation 2.1). If MnR exists, ΘMnR |MnR is identified by Proposition 2.12 with the
sheaf of the (local) elements in Hom(MnR [ǫ0, ǫ1],MnR) that are extensions of the immersion
MnR →֒ MnR . Even if we do not yet know whether MnR exists, we can make sense of the
homomorphisms of any superscheme S to it: they are the elements of SnR(S ), that is, the
relative RR-SUSY curves classes over S . It follows that E∗ is the sheaf of the odd infinitesimal
deformations of the universal RR-SUSY curve class (XnR →MnR ,ZnR ,ΥnR) (sse Proposition
2.25).
We study those infinitesimal deformations by computing them locally for the e´tale topology.
Take a trivializing cover p : U →MnR (Definition 4.6), so that p
∗ΥnR = [L] for a line bundle L
on XU and there is an isomorphism ̟ : L⊗L ∼→ κXU/U (ZU ). Let us write L = κXU/U (ZU )
1/2.
The sheaf of infinitesimal deformations is given by Corollary 3.14. We then have that the
pull-back of E to U should be given by
EU ≃ (R
1πU∗(κXU/U (ZU )
−1/2))∗ ∼→ πU∗(κXU/U (ZU )
1/2 ⊗ κXU/U ) ,
where the second equality if relative Serre duality. Then the candidate for a local supermoduli
of RR-SUSY curves is:
Definition 4.12. The local supermoduli of RR-SUSY curves is the superscheme:
U = (U,
∧
EU ) ,
where EU ≃ πU∗(κXU/U (ZU )
1/2 ⊗ κXU/U ) ≃ πU∗(L ⊗ κXU/U ). One has:
dimU = (3g − 3 + nR, 2g − 2 + nR/2) .
Proceeding again as in [22] (see also [11]) one has:
Theorem 4.13. Let (π : X → V,Z,L be an RR-SUSY curve over an affine scheme whose
even Kodaira-Spencer map ks0(π) is an isomorphism. Consider the sheaf E = π∗(κX/V (Z)
1/2⊗
κX/V ). Then, there is an RR-SUSY curve (π¯ : X → V,Z ,D) over the superscheme V =
(V,
∧
E) extending X , whose Kodaira-Spencer map ks(π¯) is an isomorphism. 
Theorem 4.14. Let (X → V,Z D) be a relative RR-SUSY curve whose Kodaira-Spencer
map is an isomorphism and let (X → V,Z,L) the underlying relative RR-SUSY curve over
the ordinary scheme V . For every morphism of schemes ϕ : Y → V , there is a one-to-one
correspondence

morphisms of superschemes
S → V extending
ϕ : Y → V

→


classes of relative RR-SUSY curves
(X¯/S , Z¯ , D¯) extending
ϕ∗(X → V,Z,L)


φ 7→ φ∗X/S .

4.4. Global moduli of RR-SUSY curves and universal RR-SUSY curves. In this
subsection we give a construction of the moduli space of RR-SUSY curves as an (Artin)
algebraic superspace (Definition 2.19).
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In view of Theorems 4.13 and 4.14, the construction of the supermoduli of SUSY curves
given in [11] can be now adapted, with similar proofs, to the case of RR-SUSY curves. We
consider the local supermoduli of RR-SUSY curves
U = (U,
∧
EU ) ,
given by Definition 4.12. Since the even component of the Kodaira-Spencer map of the
relative RR-SUSY curve (XU , ZU ,L) over U is an isomorphism by Proposition 4.8, we can
apply Theorem 4.13 to obtain a relative RR-SUSY curve
(XU ,ZU ,DU )→ U ,
extending (XU , ZU ,L) → U and whose Kodaira-Spencer map is an isomorphism. There
is a natural morphism of presheaves U → SCnR|{Schemes} which maps a scheme morphism
ϕ : S → U to the RR-SUSY curve ϕ∗XU → S (recall that SnR is the presheaf of relative RR-
SUSY curves). We can then consider the fibre product SCmg ×SnR|{Schemes} U as a presheaf of
superschemes. A section of this presheaf on a supercheme S is a pair formed by an RR-SUSY
curve X → S and a morphism of schemes ϕ : S → U , such that X → S is an extension of
ϕ∗XU → S. By Theorem 4.5, the sheaf associated to the presheaf SnR ×SnR|{Schemes} U is
SnR ×MnR U ,
where SnR is the sheaf of relative RR-SUSY curves .
Lemma 4.15. There is an isomorphism of sheaves of superschemes
̟ : U ∼→ SnR ×MnR U ,
which maps a superscheme morphism φ : S → U to φ∗(XU ,ZU ,DU ), ϕ) where ϕ : Y → U is
the underlying scheme morphism to φ. 
Proof. By Theorem 4.14, there is a presheaf isomorphism
U ∼→ SnR ×SnR|{Schemes} U .
Since (the functor of points of) U is a sheaf, the presheaf of the right-hand side is also a
sheaf, so that it coincides with its associated sheaf SnR ×MnR U . 
The trivial e´tale equivalence relation (p1, p2) : U ×MnR U ⇒ U induces an equivalence
relation of sheaves of superschemes
SnR ×MnR U ×MnR U
(p1,p2)//
// SnR ×MnR U
p
// SnR
with categorial quotient SnR . Since there is a categorical quotient U ×MnR U ⇒ U → MnR
in the category of schemes, one can apply Lemma 4.15 and Equation 4.12 to prove:
Theorem 4.16. The functor SnR of relative RR-SUSY curves of genus g along a (nonram-
ifiec) puncture of degree nR is the categorial quotient
U ×MnR U
(ρ1,ρ2)//
// U
ρ
// SnR ,
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in the category of sheaves of superschemes, where ρi = ̟
−1 ◦ pi ◦ (̟ × 1) and ρ = p ◦ ̟.
Moreover, (ρ1, ρ2) : U ×MnR U ⇒ U is an e´tale equivalence relation of superschemes, so that
SnR is identified with a separated Artin algebraic superspace MnR whose ordinary underlying
algebraic space is the scheme MnR . Moreover,
dimMnR = (3g − 3 + nR, 2g − 2 + nR/2) .

The separateness is proved as in Proposition 4.7.
4.5. Universal relative RR-SUSY curves. We now construct universal relative RR-SUSY
curve classes on the supermoduiMnR . The algebraic superspace morphism ρ : U →MnR is
induced by the relative RR-SUSY curve XU → U , so that one has X
m
U
∼→ ρ∗XnR where XnR
is the universal element corresponding to the identity in S Cmg (MnR) = Hom(MnR ,MnR).
If we consider the e´tale equivalence relation of superschemes (ρ1, ρ2) : U ×MnR U ⇒ U , one
has ρ ◦ ρ1 = ρ ◦ ρ2, and then, ρ
∗
1X
m
U
∼→ ρ∗2X
m
U
as relative RR-SUSY curve classes. It follows
that there is an e´tale covering of superschemes ψ : R → U ×MnR U such that ρ¯
∗
1XU
∼→ ρ¯∗2XU
as true relative RR-SUSY curves over R, where we have written ρ¯1 = ρ1 ◦ ψ, ρ¯2 = ρ2 ◦ ψ.
Let us denote by XR any of them. The pull-back of (ρ¯1, ρ¯2) by XU → U gives an e´tale
equivalence relation of superschemes (q1, q2) : XR ⇒ XU and a diagram
(4.2) (XR ,ZR ,DR)
(q1,q2)//
//

(XU ,ZU ,DU ) //

(XnR ,ZnR ,DnR)
R
(ρ¯1,ρ¯2) //
// U //MnR
Proposition 4.17. The sheaf XnR is representable by the quotient of an e´tale equivalence
relation of superschemes, that is, is representable by a separated (Artin) algebraic superspace.
Moreover, the two vertical morphisms in the diagram (4.2) induce a morphism of algebraic
superspaces
XnR →MnR ,
which endows (XnR →MnR ,ZnR ,DnR) with the structure of a relative RR-SUSY curve class.
We call it the universal relative RR-SUSY curve of genus g and degree nR. 
5. Supermoduli of RR-SUSY curves with NS punctures
This last section is devoted to the construction a supermoduli for SUSY curves with both
Neveu-Schwarz (NS) and Ramond-Ramond (RR) punctures. The construction follows directly
from the construction of the supermoduli of SUSY curves with NS punctures given in [11]
and the above construction of the supermoduli for RR-SUSY curves.
Recall that an NS puncture of degree nNS on a relative SUSY curve (π : X → S ,D) is
an ordered family (s1, . . . , snNS ) of sections s : S →֒ X of π and that a morphism of SUSY
curves with NS punctures is a morphism of SUSY curves that preserve the corresponding
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sections. If π : X → S is a supercurve, one can define the (relative) N -supersymmetric power
X [N ] → S as the quotient superscheme of the cartesian product X N by the natural action
of the symmetric group SN by automorphisms of superschemes [9, 10] (in these references is
proven that, X [N ] is locally split if and only if the relative odd dimension is n = 1). Then,
for any supercurve π : X → S of relative dimension (1, 1), the N -supersymmetric power is
a locally split superscheme and the morphism X [N ] → S has relative dimension (N,N).
Let us fix the number nR of Ramond-Ramond punctures and the number nNS of Neveu-
Schwarz punctures, and let us consider the diagram (4.2). Taking nNS symmetric powers on
the first two columns, which are relative supercurves, we get a new diagram
X
[nNS ]
R
(q1,q2)//
//

X
[nNS ]
U
//

XnNS ,nR

R
(ρ¯1,ρ¯2) //
// U //MnR
where XnNS ,nR is the algebraic superspace defined as the quotient of the e´tale equivalence
relation (q1, q2).
Combining Theorem 4.16 and [11, Theorem 31] we have:
Theorem 5.1. The functor of relative RR-SUSY curves of genus g along a (nonramified)
RR puncture of degree nR with nNS NS punctures is representable by a separated algebraic su-
perspace XnNS ,nR, which is the nNS-supersymmetric power of the relative universal RR-SUSY
curve class XnR →MnR over the supermoduli of RR-SUSY curves along an RR puncture of
degree nR. Its dimension is
dimXnNS ,nR = (3g − 3 + nNS + nR, 2g − 2 + nNS + nR/2) .

References
[1] M. Artin, Algebraic spaces, Yale University Press, New Haven, Conn., 1971. A James K. Whittemore
Lecture in Mathematics given at Yale University, 1969, Yale Mathematical Monographs, 3. 2
[2] M. A. Baranov and A. S. Schwarz, On the multiloop contribution to the string theory, Internat. J.
Modern Phys. A, 2 (1987), pp. 1773–1796. 1
[3] C. Bartocci, U. Bruzzo, and D. Herna´ndez Ruipe´rez, The geometry of supermanifolds, vol. 71 of
Mathematics and its Applications, Kluwer Academic Publishers Group, Dordrecht, 1991. 1, 4
[4] F. A. Berezin and D. A. Le˘ıtes, Supermanifolds, Dokl. Akad. Nauk SSSR, 224 (1975), pp. 505–508. 1
[5] G. Codogni and F. Viviani, Moduli and periods of supersymmetric curves. arXiv:1706.04910v4
[math.AG]. 2
[6] L. Crane and J. M. Rabin, Super Riemann surfaces: uniformization and Teichmu¨ller theory, Comm.
Math. Phys., 113 (1988), pp. 601–623. 2
[7] P. Deligne, Letter to Y.I. Manin. https://publications.ias.edu/sites/default/files/lettre-a-manin-1987-
09-25.pdf, 1987. 2, 17
[8] D. J. Diroff, On the super Mumford form in the presence of Ramond and Neveu-Schwarz punctures, J.
Geom. Phys., 144 (2019), pp. 273–293. 2
SUPERMODULI OF SUSY CURVES WITH RAMOND PUNCTURES 33
[9] J. A. Dom´ınguez Pe´rez, D. Herna´ndez Ruipe´rez, and C. Sancho de Salas, Supersymmetric prod-
ucts of SUSY-curves, in Differential geometric methods in theoretical physics (Rapallo, 1990), vol. 375 of
Lecture Notes in Phys., Springer, Berlin, 1991, pp. 271–285. 32
[10] , The variety of positive superdivisors of a supercurve (supervortices), J. Geom. Phys., 12 (1993),
pp. 183 – 203. 16, 32
[11] , Global structures for the moduli of (punctured) super Riemann surfaces, J. Geom. Phys., 21 (1997),
pp. 199–217. 2, 3, 10, 24, 25, 27, 29, 30, 31, 32
[12] R. Donagi and E. Witten, Super Atiyah classes and obstructions to splitting of supermoduli space, Pure
Appl. Math. Q., 9 (2013), pp. 739–788. 2
[13] , Supermoduli space is not projected, in String-Math 2012, vol. 90 of Proc. Sympos. Pure Math.,
Amer. Math. Soc., Providence, RI, 2015, pp. 19–71. 2
[14] G. Falqui and C. Reina, A note on the global structure of supermoduli spaces, Comm. Math. Phys., 128
(1990), pp. 247–261. 2
[15] G. Felder, D. Kazhdan, and A. Polishchuk, Regularity of the superstring supermeasure and the
superperiod map. arXiv:1905.12805v1 [math.AG], 2019. 2
[16] D. Friedan, Notes on string theory and two-dimensional conformal field theory, in Workshop on unified
string theories (Santa Barbara, Calif., 1985), World Sci. Publishing, Singapore, 1986, pp. 162–213. 1
[17] A. Grothendieck, Technique de descente et the´ore`mes d’existence en ge´ome´trie alge´brique. V. Les
sche´mas de Picard: the´ore`mes d’existence, in Se´minaire Bourbaki, Vol. 7, Soc. Math. France, Paris, 1995,
pp. Exp. No. 232, 143–161. 24
[18] R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52, Springer-Verlag, New York,
1977. 8
[19] S. Keel and S. Mori, Quotients by groupoids, Ann. of Math. (2), 145 (1997), pp. 193–213. 2
[20] D. Knutson, Algebraic spaces, Lecture Notes in Mathematics, Vol. 203, Springer-Verlag, Berlin, 1971. 2,
27, 28
[21] B. Kostant, Graded manifolds, graded Lie theory, and prequantization, in Differential geometrical meth-
ods in mathematical physics (Proc. Sympos., Univ. Bonn, Bonn, 1975), Springer, Berlin, 1977, pp. 177–306.
Lecture Notes in Math., Vol. 570. 1
[22] C. LeBrun and M. Rothstein, Moduli of super Riemann surfaces, Comm. Math. Phys., 117 (1988),
pp. 159–176. 2, 3, 23, 24, 28, 29
[23] Y. I. Manin, Critical dimensions of string theories and a dualizing sheaf on the moduli space of (super)
curves, Funktsional. Anal. i Prilozhen., 20 (1986), pp. 88–89. 1
[24] , Quantum strings and algebraic curves, in Proceedings of the International Congress of Mathe-
maticians, Vol. 1, 2 (Berkeley, Calif., 1986), Providence, RI, 1987, Amer. Math. Soc., pp. 1286–1295.
1
[25] , Gauge field theory and complex geometry, vol. 289 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], Springer-Verlag, Berlin, 1988. Translated
from the Russian by N. Koblitz and J. R. King, second edition 1997, with an appendix by S. Merkulov.
1, 4
[26] , Neveu-Schwarz sheaves and differential equations for Mumford superforms, J. Geom. Phys., 5
(1988), pp. 161–181. 1
[27] B. G. Mo˘ıˇsezon, An algebraic analogue of compact complex spaces with a sufficiently large field of mero-
morphic functions. I, II, III, Izv. Akad. Nauk SSSR Ser. Mat. 33 (1969), 174-238; ibid. 33 (1969), Izvestiya
Akademii Nauk SSSR. Seriya Matematicheskaya, 33 (1969), pp. 506–548. 2
[28] N. Ott and A. Voronov, The supermoduli space of genus zero super Riemann surfaces with Ramond
punctures. arXiv:1910.05655 [math.AG]. 2
[29] A. M. Polyakov, Quantum geometry of bosonic strings, Phys. Lett. B, 103 (1981), pp. 207–210. 1
[30] A. Salam and J. Strathdee, Super-gauge transformations, Nuclear Phys., B76 (1974), pp. 477–482. 1
[31] E. Sernesi, Deformations of algebraic schemes, vol. 334 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences], Springer-Verlag, Berlin, 2006. 11, 12
34 U. BRUZZO AND D. HERNA´NDEZ RUIPE´REZ
[32] A. Y. Va˘ıntrob, Deformations of complex superspaces and of the coherent sheaves on them, in Current
problems in mathematics. Newest results, Vol. 32, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz.
Inst. Nauchn. i Tekhn. Inform., Moscow, 1988, pp. 125–211. J. Soviet Math. 51 (1990), no. 1, 2140–2188.
12
[33] E. Witten, Notes on super Riemann surfaces and their moduli, Pure Appl. Math. Q., 15 (2019), pp. 57–
211. 2
[34] O. Zariski, On the purity of the branch locus of algebraic functions, Proc. Nat. Acad. Sci. U.S.A., 44
(1958), pp. 791–796. 16
E-mail address: bruzzo@sissa.it
E-mail address: ruiperez@usal.es
¶ SISSA (Scuola Internazionale Superiore di Studi Avanzati), Via Bonomea 265, 34136, Trie-
ste, Italia; Departamento de Matema´tica, Universidad Federal da Para´ıba, Campus I, Joa˜o Pes-
soa, PB, Brazil; INFN (Istituto Nazionale di Fisica Nucleare), Sezione di Trieste; IGAP (Insti-
tute for Geometry and Physics), Trieste; Arnold-Regge Center for Algebra, Geometry and
Theoretical Physics, Torino
‡ Departamento de Matema´ticas and Instituto Universitario de F´ısica Fundamental y Matema´-
ticas, IUFFYM, Universidad de Salamanca, Plaza de la Merced 1-4, 37008 Salamanca, Spain
